We present a comparative study of the pion induced production of K 0 Λ and D − Λ + c off the nucleon. A hybrid framework is utilized by combining an effective Lagrangian method with a Regge approach. We consider the t-channel process in a plannar diagram by vector-meson Reggeon exchanges and the u-channel one in a non-planar diagram by baryon Reggeon exchanges. The present model reproduces the K 0 Λ production data well with a few parameters. Having fixed them, we predict the D − Λ + c production, which turns out to be about 10 4 − 10 6 times smaller than the strangeness one, depending on the kinematical regions. *
I. INTRODUCTION
Experimental findings of new heavy hadrons have renewed great interest in heavy-quark physics (see, for example, following reviews [1] [2] [3] [4] ). For example, the Belle Collaboration, BABAR Collaboration, BESIII Collaboration, and LHCb Collaboration have reported new types of heavy mesons [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Moreover, a new bottom baryon Ξ 0 b (5945) has been observed by the CMS Collaboration [16] , and two new bottom baryon resonances Ξ ′ b (5935) and Ξ * b (5955) have been announced by the LHCb Collaboration [17] . Recently, a new proposal was submitted to Japan Proton Accelerator Research Complex (J-PARC) to measure the production of charmed hadrons. The high-momentum pion beam line up to 20 GeV will be constructed to produce excited charmed baryons [18, 19] . The π − p → D * − Λ + c reaction was suggested as the first experiment and the relevant theoretical works have been discussed recently by us in collaboration with other authors [20, 21] . Reference [20] In the present work, we extend the previous investigation [21] to the reaction π − p → D − Λ + c together with the π − p → K 0 Λ using a similar method. We first concentrate on the π − p → K 0 Λ where experimental data exist, so that we are able to fix the parameters such as coupling constants and scale factors. Since the amplitudes have exactly the same strtucture, the corresponding charm production π − p → D − Λ + c can be easily studied, the parameters being assumed to be the same as the strangeness case. We also examine the sensitivity of the results to the changes of the parameters. To fix the Regge parameters such as Regge trajectories and energy scale parameters, we use the non-perturbative Quark-Gluon String Model (QGSM) developed by Kaidalov et al. [22] [23] [24] [25] as was done in Ref. [21] . We find that the DΛ + c (KΛ) production is governed by vector-meson D * (K * ) Reggeon exchange at forward angles, whereas by baryon Σ c (Σ) Reggeon exchange at backward angles. We compare the production cross sections for the
c with other models [30, 31] . The present work is organized as follows: In the next Section, we explain the general formalism of the hybridized Regge model and fix model parameters such as the coupling constants, Regge trajectories and energy scale parameters, and the scale factors. In Section III, we show the numerical results and compare them with those from other models. The last Section is devoted to the summary and conclusion.
II. GENERAL FORMALISM
We start with explaining a hybridized Regge model combining with an effective Lagrangian method. In general, there are two different diagrams for both the reactions Fig. 1 . Vector Reggeon exchange can be understood as a planar diagram, so that the corresponding Regge parameters can be determined explicitly by employing the QGSM [22] [23] [24] [25] . On the other hand, the u-channel diagram for Σ c (Σ) Reggeon exchange is a nonplanar diagram for which there is no theoretical ground on fixing the parameters. Thus, we will utilize relevant phenomenologies to determine them. The incoming momenta of the pion and the proton are designated respectively by k 1 and p 1 , and the outcoming momenta of the pseudoscalar meson and the Λ c (Λ) by k 2 and p 2 , respectively. We first investigate the strangeness production π − p → K 0 Λ with the Regge parameters fixed. Then we will extend the same method to the charm production
The K * -exchange amplitude for the π − p → K 0 Λ reaction is derived, based on the effective Lagrangians given as
where π, K, and K * denote the fields corresponding to the π(140, 0 − ), K(494, 0 − ), and K * (892, 1 − ) mesons respectively, while N and Λ stand for the nucleon and Λ(1116, 1/2 + ) hyperon, respectively. The coupling constant g πKK * is calculated by using the experimental data on the decay width Γ(K * → Kπ) [32] : g πKK * = 6.56, whereas the K * NΛ coupling can be taken from the Nijmegen soft-core potential (NSC97a) [33] 
To derive the t-channel Regge amplitude, we employ a hybridized approach by replacing the Feynman propagator for vector-meson exchange in the t channel with the Regge propagator arising from the corresponding Regge trajectory [21, 34] 
In doing so, we need to examine the behavior of the amplitude in the high-energy region, which will be discussed later. The amplitude M K * in Eq. (3) without the propagator is obtained from the Lagrangians in Eq. (1)
where u N and u Λ stand for the Dirac spinors of the initial nucleon and the final Λ, respectively. The momentum transfer in the t channel is defined as q t = k 2 −k 1 . Note that the q µ t q ν t term in Eq. (4) provides a certain contribution, which is distinguished from K * exchange in
reaction in which there is no contribution from it. This is due to the fact that the antisymmetric tensor ǫ µραβ q tρ involved in the relevant Lagrangians for K * exchange eliminates the q tµ q tν term by contraction. The C K * (t) represents a scale factor [21] , which is defined as
It plays the role of a form factor that reflects a finite size of hadrons. We choose Λ = 1 GeV and the parameter a t is determined by the experimental data at high energies: a t = 0.40. The differential cross section dσ/dt is expressed as
where p cm denotes the pion momentum in the center-of-mass (CM) frame and the nucleon and Λ spins correspond to the s i and s f , respectively. Since the Regge amplitudes have a unique virtue that they can describe consistently the diffractive pattern both at forward and backward angles as well as the asymptotic behavior with the unitarity preserved, dσ/dt in Eq. (6) should comply with the following asymptotic behavior:
The asymptotic behavior of
which produces a correct asymptotic behavior of the Regge amplitude. Note that Eq.(8) is independent of t, which indicates that the amplitude does not change when t → 0. It is of great interest to compare the asymptotic behavior of the present Regge amplitude with those of other reactions such as γN → KΛ [35] and πN → K * Λ [21] . In these cases, the amplitudes with vector-meson exchange include the antisymmetric tensor that greatly reduces the amplitudes at very forward angles. Explicitly, M K * for these two reactions behaves as
which is very much distinguished from the present reaction, which has the behavior of Eq. (8) .
To obtain the K * -meson trajectory in Eq. (3), we follow Ref. [36] in which the so-called "square-root" trajectory is used
where γ is the universal slope and T the scale parameter being different for each trajectory. Equation (10) can be approximated to a linear form
in the limit −t ≪ T with the slope α ′ = γ/2 √ T . In Ref. [36] , the value of γ and √ T were determined in the case of the ρ Reggeon as follows:
Following this method, we are able to find the corresponding value of √ T for the K * -meson trajectory. The additivities of intercepts and of inverse slopes are given as [22, 23] 2αs
where the α(t), αs q (t), and αs s (t) are the trajectories corresponding to ρ, K * , and φ mesons, respectively. Thus, using Eq. (13), we can find the values of α(0), √ T and α ′ for the φ trajectory. We summarize the parameters obtained for the vector-meson trajectories in Table I [36, 37] . Once we know all the parameters for the vector-meson Regge trajectories, we can easily derive the energy scale parameter s
Using the QGSM [22, 23] 
We now turn to the nonplanar diagram in Fig. 1(b) . Though the vector-meson Reggeon exchange contributes to the amplitude dominantly, baryon exchange also comes into play in describing the experimental data at backward angles. The effective Lagrangians for the Σ exchange are given as
where Σ represents the lowest-lying Σ(1190, 1/2 + ) hyperon. The coupling constants g KN Σ and g πΣΛ are taken from the Nijmegen model (NSC97a) [33] g KN Σ = 4.09, g πΣΛ = 11.9.
As done in the t-channel Reggeon exchange, we can construct the u-channel Regge amplitude [21] 
where C Σ (u) is the scale factor in the u channel, defined as
To avoid ambiguity, we use the same value of the cut-off mass Λ as in the t channel. The parameter a u is fitted to the experimental data: a u = 2.00. The amplitude M Σ is written as
where q u denotes the momentum transfer in the u channel, expressed as q u = p 2 − k 1 .
The u-channel amplitude should obey the following asymptotic behavior
The unpolarized sum of the sqrared amplitude in Eq. (19) is shown to be proportional to s,
which satisfies the general asymptotic behavior of the Regge amplitude. Let us consider the Regge parameters in the u channel. The Σ trajectory we use is given as [38] α Σ (u) = −0.79 + 0.87u.
Since the QGSM is applicable only to the planar diagram [22, 23] , we cannot rely on it to determine the energy scale parameter s πN :KΛ Σ in the u channel. Instead, we examine carefully a general phenomenological relation between the energy scale parameters (s 0 ) and the reaction thresholds (s th ), based on previous and present works in both the strangeness and charm sectors. Since we already know the values of s 0 in the t channel, we attempt to find a relation between s 0 and s th by defining s 0 / √ s th = β. Then, we get s [37] . Thus, it is reasonable to choose s 0 in such a way that the value of β is kept to be equal to 1 GeV. The energy scale parameters in the u channel are taken to be s [36, 37] .
We extend the study of the strangeness production to the charm production π
just by substituting charm hadrons for the strangeness ones, i.e., K →D, K * →D * , Λ → Λ Table II [36, 37] . Equation (14) is also modified as
and we get: s πN ≃ 1. 
as done similarly in Ref. [37] where the Λ c trajectory was calculated to be α Λc (u) = −2.09 + 0.557u. Note that for the scale factors in Eqs. (3) and (17) the same values will be used in this charm production to avoid ambiguity. We also consider the same values of the coupling constants for the corresponding vertices such that we can compare the magnitudes of the observables for the charm production with those for the strangeness production. Figure 2 shows the numerical results of the total cross section for the π − p → K 0 Λ as a function of s/s th , where s th designates the threshold value, i.e., s th = (M K + M Λ ) 2 = 2.60 GeV 2 . They are in good agreement with the experimental data at intermediate [39] and high [40] energies. On the other hand, the present results seem underestimated near threshold, compared with the data [41] . Note that the resonance contribution plays a dominant role in explaining the data near threshold. We do not take into account the nucleon resonances in the s channel in the present work, since we are mainly interested in studying the order of magnitude of the charm production in comparison with that of the strangeness production. As drawn in Fig. 2 , the K * and Σ Reggeons have comparable effects on the total cross section in the lower energy region. However, as P lab increases, the contribution of the Σ falls off much faster than that of the K * . Thus, the dependence of the total cross section on P lab is mainly governed by the t-channel process. The reason can be found in the fact that the intercept of Regge trajectory α(0) for the K * Reggeon is much larger than that for the Σ Reggeon. In Fig. 3 , we depict the results of the differential cross sections dσ/dΩ as functions of cos θ, given 20 different values of P lab . They are in good agreement with the experimental data [39, 42] , when P lab is larger than 1.6 GeV. The discrepancy of our results from the data below 1.6 GeV arises from the same reason that we have not included the nucleon resonances in the s channel. Figure 4 displays the results of the differential cross section dσ/dt as functions of −t ′ defined as t ′ = t − t min , where −t min represents the smallest kinematical value of −t at fixed P lab . The results agree with the experimental data very well up to −t ′ = 0.5 GeV 2 . We want to mention that K * Reggeon exchange dictates the dependence of dσ/dt on t ′ . In Fig. 5 , we draw the results of the total cross section for the
III. RESULTS AND DISCUSSION
c as a function of s/s th in comparison with that for the π − p → K 0 Λ. Here the threshold value for the charm production is given as s th = (M D + M Λc ) 2 = 17.3 GeV 2 . Each contribution has a similar tendency as in the case of the π − p → K 0 Λ. As s/s th increases, the total cross section is almost controlled by the D * Reggeon exchange. However, the magnitude of the total cross sections for the charm production is about 10 4 − 10 6 times smaller than that for the strangeness production. We find the similar results in the study of the K * Λ and D * Λ + c production reactions [21] . Both the inptercept α(0) and energy scale parameter s 0 are crucial to determine the total cross section for a corresponding process. While α K * (0) is given as α K * (0) = 0.414 as listed in Table I , α D * (0) is found to be −1.02 in Table II . This difference makes the total cross section fall off faster than that of the strange production as s/s th increases. The suppression of the present result is also seen in Ref. [30] where a simplified Regge model is employed. It is found that the cross sections are sensitive depending on the values of the intercept and hadron mass. The most optimistic estimation suggested 0.5 nb at peak position with α D * (0) = −0.6 [30] , whereas the present work yields 4 nb. Now we would like to check the uncertainties of the present results by using different sets of parameters. As mentioned already, we have employed the set (Λ = 1 GeV, a t = 0.40, a u = 2.00) for the charm production, which is determined from the strangeness sector. However, this is not a unique choice. Within a reasonable range of the cut off Λ around 1 GeV, the parameter sets (Λ = 1.2 GeV, a t = 0.37, a u = 1.80) and (Λ = 0.8 GeV, a t = 0.45, a u = 2.10) can equally reproduce the strangeness production. When we apply these values to the charm production, the total cross sections lie in the range 1 nb − 13 nb near threshold as shown in the left panel of Fig. 6 . As the production energy increases, the difference becomes smaller gradually. It is worthwhile to compare our results with those from the other work [31] in which the same reaction π − p → D − Λ + c was investigated within a generalized parton picture, focusing on the reaction threshold and forward angle region. As shown in the right panel of Fig. 6 , the results of this work lie between those of Model I and Model II given in Ref. [31] . The s dependence of the present results look very similar to those of both Model I and Model II near threshold (20 GeV 2 ≤ s ≤ 30 GeV 2 ). However, as s increases, the results of Ref. [31] fall off rather slowly [43] , which deviates from the present ones. It indicates that the models developed in Ref. [31] do not satisfy the asymptotic behavior of the cross sections.
In Fig. 7 , we continue to compare the present results of the differential cross sections dσ/dΩ with those of Ref. [31] . It is interesting to see that at forward angles both results are in good agreement with each other. However, the differential cross sections in backward angles were not considered in the models of Ref. [31] . Figure 8 illustrates the results of the differential cross sections dσ/dt as functions of −t ′ at three different values of P lab . The D * Reggeon governs t ′ dependence at higher P lab , whereas the u channel has certain effects on the dσ/dt near threshold.
IV. CONCLUSION AND SUMMARY
In the present work, we aimed at investigating the production mechanism of the π − p → K 0 Λ and π − p → D − Λ + c reactions, based on a hybridized Regge model. We replaced the Feynman propagator by the Regge one from the invariant amplitudes. The Regge amplitudes explain the asymptotic behavior of the cross sections for the present reactions such that unitarity is well preserved, whereas the amplitudes from the effective Lagrangians correctly reproduce the magnitude of the cross sections near threshold. Combining each virtue of these two different approaches, we were able to study both the KΛ and DΛ c productions consistently. Having determined the Regge parameters of K * and D * Reggeons by using the quark-gluon string model, and having fixed those of Σ and Σ c Reggeons phenomenologically, we have computed the total cross sections, the differential cross sections dσ/dΩ and dσ/dt. As in the case of the K * Λ and D * Λ c productions, we have found that the charm production is suppressed almost by similar order, i.e., the total cross sections for the charm production are 10 4 − 10 6 times smaller than those for the strangeness production depending on kinematical regions. We have compared the present results with those from the other work near the threshold region and at forward angles. Both the results are qualitatively in agreement with each other.
Anticipating that the J-PARC, the BES-III, the JLAB, and the LHC facilities will produce a great deal of new experimental data related to charm physics, we find that it is of paramount importance to investigate the production mechanism of charmed hadrons with various probes. Relevant theoretical studies are under way.
